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Abstract
We show that a construction described in [K.L. Clark, J.D. Key, M.J. de Resmini, Dual codes of
translation planes, European J. Combin. 23 (2002) 529–538] of small-weight words in the dual codes of
finite translation planes can be extended so that it applies to projective and affine desarguesian planes of any
order pm where p is a prime, and m ≥ 1. This gives words of weight 2pm + 1 − pm−1p−1 in the dual of the
p-ary code of the desarguesian plane of order pm , and provides an improved upper bound for the minimum
weight of the dual code. The same will apply to a class of translation planes that this construction leads to;
these belong to the class of Andre´ planes.
We also found by computer search a word of weight 36 in the dual binary code of the desarguesian
plane of order 32, thus extending a result of Korchma´ros and Mazzocca [Ga´bor Korchma´ros, Francesco
Mazzocca, On (q + t)-arcs of type (0, 2, t) in a desarguesian plane of order q, Math. Proc. Cambridge
Philos. Soc. 108 (1990) 445–459].
c© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
The determination of the minimum weight and the nature of possible minimum words of the
dual p-ary code of a projective plane, where p is a prime that divides the order n of the plane, is
an open problem. This is in contrast to the question for the code itself where the minimum weight
vectors have long been known to be the scalar multiples of the incidence vectors of the lines: see,
for example, [2, Chapter 6]. Lower and upper bounds for the minimum weight of the dual code
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are known. Here we improve the general known upper bound of 2n (that holds for all planes) in
the desarguesian case, and some classes of translation planes, with the following theorem:
Theorem 1. Let Π be the desarguesian projective plane of order pm where p is a prime and
m ≥ 1. Let C be the p-ary code of Π . Then the dual code C⊥ contains words of weight
2pm + 1− pm−1p−1 that can be constructed in the following way, using homogeneous coordinates:
if ω is a primitive element of Fpm and S = {(1, a, a p) | a ∈ Fpm }, Y = {(0, 1, ω j ) | 1 ≤
j ≤ pm−1p−1 , (p − 1) does not divide j} ∪ {(0, 1, 0), (0, 0, 1)} then vS − vY is a word of weight
2pm + 1− pm−1p−1 in C⊥. The same is true for the dual code of the affine desarguesian plane.
This upper bound applies also to some classes of Andre´ planes.
The theorem is proved by showing that a construction in [9] holds for desarguesian planes of
all orders.1 In fact, for the desarguesian plane of order pm , where p is a prime, in all cases where
the minimum weight of the dual p-ary code is known, and in particular for p = 2, or for m = 1,
the minimum weight is precisely 2pm + 1 − pm−1p−1 , as given in this formula. The construction
also holds for a class of Andre´ translation planes, giving the same upper bound for the minimum
weight of the dual code for these planes. In fact this is the minimum weight in all known cases
for translation planes. However, there is a non-translation plane of order 9 whose dual ternary
code has a smaller minimum weight (see the discussion in Section 2).
In Section 2 we give the background results, definitions and constructions. In Section 3, in
Proposition 1, we prove the main part of the theorem, as it applies to desarguesian planes. In
Section 4, in Proposition 2, we show how the translation planes arise, and how the upper bound
applies to this class as well. We show that these planes are Andre´ planes. Section 5 contains some
counting arguments relevant to the construction, in particular with a view to constructions that
could lead to words in the dual of the codes of other translation planes.
Finally, in Section 6 we show, in Proposition 4, how the word of weight 36 was obtained in
the dual binary code of the desarguesian plane of order 32, and explain why this is an interesting
discovery.
2. Background and terminology
An incidence structure D = (P,B, I), with point set P , block set B and incidence I, is a
t-(v, k, λ) design if |P| = v, every block B ∈ B is incident with precisely k points, and every t
distinct points are together incident with precisely λ blocks. For n ≥ 2, a finite projective plane
of order n is a 2-(n2+ n+ 1, n+ 1, 1) design and a finite affine plane of order n is a 2-(n2, n, 1)
design. We write PG2,1(Fq) for the desarguesian projective plane of order q, i.e. the design of
points and one-dimensional subspaces of the projective space PG2(Fq). Further, AGm,n(Fq)
will denote the 2-design of points and n-flats (cosets of dimension n) in the affine geometry
AGm(Fq). If S is a set of points in a plane and if L is a line of the plane that meets S in m points,
then L will be called an m-secant to S. The set S is an (n1, . . . , nr )-set if S has m-secants if and
only if m ∈ {n1, . . . , nr }.
A linear code of length n over a finite field F is any subspace of the vector space Fn . The
code CF (D), of the designD over the finite field F , is the space spanned by the incidence vectors
1 The authors thank one of the referees for pointing out that the bound for the desarguesian plane case follows from a
result in [23] also.
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of the blocks over F , where F is a prime field Fp and p divides the order ofD. IfD = (P,B, I)
and Q ⊆ P , then the incidence vector of Q is denoted by vQ. Thus CF (D) =
〈
vB |B ∈ B〉,
and is a subspace of FP , the full vector space of functions from P to F . For any code C ,
the dual code C⊥ is the orthogonal subspace with respect to the standard inner product. Thus
C⊥ = {u ∈ FP |(u, c) = 0 for all c ∈ C}. If c is a codeword then the support of c is the
set of non-zero coordinate positions of c. The weight of c is the cardinality of the support. The
minimum weight of a code C is the smallest non-zero weight of the words in C .
We use the terms affine translation plane and projective translation plane as defined in [2],
omitting ‘affine’ or ‘projective’ if the context is clear. In order to apply results from [9], it will
be more convenient to use the equivalent construction from [1] of a translation plane of order qm
with kernel containing the finite field Fq of order q, where q = pt , p is a prime, and m ≥ 2. Let
V denote the vector space V2m(Fq) of dimension 2m over Fq . A spread is a set V of qm + 1 m-
dimensional subspaces Vi of V , for i ∈ I , where Vi ∩ V j = {0} for i 6= j , and where I is a
set of cardinality qm + 1. The affine plane A(V) is the affine plane whose points are the vectors
of V , and whose lines are all the cosets u + Vi for u ∈ V , i ∈ I . The projective plane P(V) is
the completion of A(V) in which the line at infinity `∞ consists of the points Pi , i ∈ I , where
Pi is incident with the line u + V j if and only if j = i . The lines of P(V) (respectively A(V))
will be denoted by LP (respectively LA). The desarguesian plane of order qm is the translation
plane obtained by identifying V2m(Fq) with V2(Fqm ) and taking the spread subspaces to be the
one-dimensional subspaces over Fqm .
We now give a brief review of the main known results for the minimum weight of the
dual codes of projective planes. For some classes there are precise results. In particular, for
desarguesian planes of even order q = 2m , where p = 2, the minimum weight is q + 2 and
the minimum words are the incidence vectors of the hyperovals, which always exist in the
desarguesian planes. See [15] for other results for non-desarguesian planes of even order, and
for instances when the plane has no hyperoval. In the latter case, again the minimum weight is
not known except in some particular cases. For any prime p, the dual code of the desarguesian
plane of order p has minimum weight 2p. Other than this and some results for planes of small
order, the main results for planes of odd order concern upper and lower bounds. An early result,
quoted in [2, Theorem 5.7.9], is:
Result 1. Let C be the p-ary code of the desarguesian plane PG2,1(Fq) or AG2,1(Fq) where
q = pt and p is a prime. Then the minimum weight d⊥ of C⊥ satisfies
q + p ≤ d⊥ ≤ 2q.
A similar range holds for any finite plane: if Π is a projective plane of order n and p is a prime
dividing n, the minimum weight d⊥ of C p(Π )⊥ satisfies
n + 2 ≤ d⊥ ≤ 2n.
The lower bound is obtained by noticing that every one of the n + 1 lines through a point in the
support must meet the set again, and the upper bound follows since the vector vL − vM is in
C p(Π )⊥, where L and M are any two distinct lines of Π . A similar argument holds for affine
planes.
For odd-order planes, from [8, Corollary 4] and Sachar [22]:
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Result 2. Let Π be a projective plane of odd order n, and let p|n. Then the minimum weight d⊥
of C p(Π )⊥ satisfies 43 n + 2 ≤ d⊥. Further, if p ≥ 5 then 32 n + 2 ≤ d⊥.
In addition there is the following from [8,22]:
Result 3. A projective plane of order q2 that contains a Baer subplane has words of weight
2q2 − q in its p-ary dual code, where p is a prime dividing q.
For planes of small non-prime odd order, the dual ternary codes of the four projective planes
of order 9 were shown in [16] to all have d⊥ = 15 apart from the Hughes plane, for which
d⊥ = 14. In [6,7] the dual 5-ary code of any projective plane of order 25 was shown to have
d⊥ ≥ 42, with d⊥ = 45 in the desarguesian case. Planes of order 49 were studied in [18], giving
the bounds 88 ≤ d⊥ ≤ 98, with the upper bound 91 if the plane has a Baer subplane, which
includes the desarguesian and all translation planes of order 49.
For translation planes, including desarguesian planes, the following was obtained in Clark,
Key and de Resmini [9].
Result 4. Let Π be a projective translation plane of order qm where m = 2 or 3, q = pt , and p
is a prime. Then the dual code of the p-ary code of Π has words of weight 2qm + 1− qm−1q−1 . If
Π is desarguesian this also holds for m = 4.
The construction of words of these weights is given; it is the Baer subplane construction when
m = 2, and generalizes that construction.
A construction similar to that in Result 4 was applied to Figueroa planes [10] in Key and de
Resmini [17]:
Result 5. Let Φ be the Figueroa plane Fig(q3) of order q3 where q = pt and p is any prime. Let
C denote the p-ary code of Φ. Then C⊥ contains words of weight 2q3 − q2 − q. Furthermore,
if d⊥ denotes the minimum weight of C⊥ then
1. d⊥ = q3 + 2 if p = 2;
2. 43 q + 2 ≤ d⊥ ≤ 2q3 − q2 − q if p = 3;
3. 32 q + 2 ≤ d⊥ ≤ 2q3 − q2 − q if p > 3.
The binary case here follows from the fact that the even-order planes have hyperovals, from [21].
The relevant construction from [9] that we will use here can be summarized into the following,
using notation as defined in this section:
Result 6. Let V = V2m(Fq) be a vector space of dimension 2m over the finite field Fq , V a
spread, and A(V) and P(V) the affine and projective planes, respectively, of order qm , from V .
Suppose that S is an m-dimensional subspace of V such that lines of A(V) meet S in 0, 1 or q
points. Let Lm denote the set of affine q-secants to S and Vm the corresponding spread members.
If Y = {Pi | i ∈ I } \ {Pi | Vi ∈ Vm}, the vector vS − vY has weight 2qm + 1− qm−1q−1 and is in
the dual of the p-ary code of the plane P(V).
Note. This word will be in the dual code of any affine plane from P(V) formed by taking as the
line at infinity any line from the class Vi for Vi ∈ V that is not a q-secant to S.
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3. Desarguesian planes
We will now consider the desarguesian plane of order qm , where q is any prime power, and
we will show how to produce words of weight 2qm + 1 − qm−1
qh−1 in the dual p-ary code of the
plane (where q is a power of the prime p) for any h|m. The theorem will then follow.
We first set up some notation, following that given in Section 1. Let p be a prime, t
and m positive integers, and q = pt . Let F = Fq , K = Fqm , and V = V2m(F). Let
V = {V∞} ∪ {Vγ | γ ∈ K} be a spread in V . Then V and V define an affine translation plane
A(V) of order qm whose points are the elements of V and whose lines are the point sets given
by the elements of V and their translates by elements of V . If A(V) is the desarguesian plane,
then V = V2(Fqm ) = V2(K ) = K 2, and we can write Vγ = {(δ, γ δ) | δ ∈ K }, for all γ ∈ K ,
and V∞ = {(0, δ) | δ ∈ K }, for a desarguesian spread for A(V).
Lemma 1. Using the above notation, for any k such that 1 ≤ k ≤ m − 1, the set S = {(a, aqk ) |
a ∈ K } is a (0, 1, qh)-set for A(V) of size qm , where h = gcd(k,m).
Proof. Let ω be a primitive element of K . Clearly the mapping θ : x 7→ xqk is an automorphism
of K over F , and S = {(a, aθ) | a ∈ K } is an m-dimensional subspace of V .
We now see how S meets the spread members. It is immediate that S ∩ V∞ = {(a, aθ) |
a ∈ K , a = 0} = {0} and S ∩ V0 = {(a, aθ) | a ∈ K , aθ = 0} = {0}. For γ ∈ K ∗,
S ∩ Vγ = {(a, aθ) | a ∈ K , aθ = aγ }. Thus S ∩ Vγ 6= ∅ if, and only if, γ = a−1(aθ) = aqk−1
for some a ∈ K ∗, that is γ = ωl(qk−1) for some l ∈ Z. Since qh − 1 is a factor of qk − 1,
γ = ω j (qh−1) for some j ∈ Z. In this case, we compute the number of non-zero elements
in S ∩ Vγ . This is the number of elements a ∈ K ∗ with γ = aqk−1. Consider the mapping
ψ : x 7→ xqk−1 from K ∗ into itself. This is a homomorphism of cyclic groups. The kernel is
kerψ = {x ∈ K ∗ | xqk−1 = 1}. Since xqm−1 = 1 for all x ∈ K ∗, we see that xc = 1 for all
x ∈ kerψ where c = gcd(qk − 1, qm − 1). It is an elementary result that c = qh − 1. Hence,
kerψ = {x ∈ K ∗ | xqh−1 = 1}, which is a cyclic subgroup of K ∗ of order qh − 1. Since
(S ∩ Vγ ) \ {0} is a coset of kerψ in K ∗, |S ∩ Vγ | = qh . Thus S meets the spread members
in 0, 1, qh points, and hence also all the cosets of these, i.e. the lines of A(V). Thus S is a
(0, 1, qh)-set in A(V), as required. 
Note. Since S is a subspace of V of the same size as the spread members, it follows that if
|S ∩ V ′| = 1 for a spread member V ′, then |S ∩ (v+ V ′)| = 1 for every coset v+ V ′ of V ′ in V ,
and if |S ∩ V ′| = q for a spread member V ′, then |S ∩ (v+ V ′)| = q or 0 for every coset v+ V ′
of V ′ in V . Moreover, in the latter case, there is some coset v + V ′ with |S ∩ (v + V ′)| = 0.
Proposition 1. The dual p-ary code of the desarguesian affine or projective plane of order qm ,
where q = pt , p is a prime, m ≥ 1, contains words of weight 2qm + 1− qm−1
qh−1 for any h|m.
Proof. Taking k = h = 1 in Lemma 1, we see that S = {(a, aq) | a ∈ K } is a (0, 1, q)-set. From
Result 6, it follows that the dual p-ary code of the desarguesian projective plane of order qm has
words of weight 2qm + 1 − qm−1q−1 . Now suppose m = rh with h > 1. Then qm = (q ′)r where
q ′ = qh , and the preceding argument shows that the desarguesian projective plane of order qm
has words of weight 2qm + 1− qm−1q ′−1 , as asserted.
For the desarguesian affine plane, it is sufficient to observe that there is a line of the projective
plane in Lemma 1 which avoids the set S ∪ Y . 
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To establish the first part of Theorem 1, we need only take q = p and h = 1 in Proposition 1
and note that the set S of Lemma 1 corresponds to the set S of Theorem 1 in the obvious way.
Note. 1. As mentioned in the footnote in Section 1, one of the referees has pointed out to us that
the set S ∪ (`∞ \ Y ) is a Re´dei-type blocking set and, using this fact together with arguments
from [23], it will follow that we get a word in the dual code of the weight stated.
2. The word of weight 2qm + 1− qm−1
qh−1 , where m = rh, corresponds to the subfield of Fqm of
order qh . The spread members are one-dimensional over Fqm and thus r -dimensional over Fqh .
In the special case h = m, we get the earlier known upper bound of 2qm .
From the results quoted in Section 2 and Theorem 1 we get
Corollary 1. Let d⊥ be the minimum weight of the dual p-ary code of the desarguesian
projective plane of order pm , where p is a prime and m ≥ 1. Then
1. if p = 2, d⊥ = 2m + 2;
2. if m = 1, d⊥ = 2p;
3. if p = 3, then 3m + 3m−1 + 2 ≤ d⊥ ≤ 32 (3m + 1);
4. if m ≥ 2, p ≥ 5, then 32 pm + 2 ≤ d⊥ ≤ 2pm + 1− p
m−1
p−1 .
Note. These bounds hold also for the desarguesian affine planes.
4. Derivation sets
The subspaces S produced in Proposition 1 give rise to derivation sets that yield a class of
translation planes. The idea is related to the standard idea of derivation using Baer subplanes and
is discussed in [2, Chapter 6].
Proposition 2. Let p be a prime, t and m positive integers with q = pt , F = Fq and K = Fqm .
Let V = {Vγ | γ ∈ K } ∪ {V∞} be the desarguesian spread, where V∞ = {(0, δ) | δ ∈ K } and
Vγ = {(δ, γ δ) | δ ∈ K }, for all γ ∈ K . Let θ : K → K be the automorphism θ : a 7→ aqk
where k an integer such that 1 ≤ k ≤ m − 1, h = gcd(k,m), and S = {(a, aθ) | a ∈ K }. Let
V S = {Vγ | γ = ω(qh−1) j , j = 0, . . . , qm−1qh−1 − 1}. Then if Sb = {vb | v ∈ S} for b ∈ K ∗,
and Sb + u is the translate of Sb by u ∈ V , the sets of points Sb + u, for b ∈ K ∗ and u ∈ V ,
together with the original affine lines that are from the spread members not in V S , form an affine
translation plane of order qm .
Proof. The set of points Pi for Vi ∈ V S on the line at infinity form a derivation set, in the sense
of [2, Definition 6.10.1], of size q
m−1
qh−1 . That the new set of lines form an affine plane follows from
our construction. Thus note that the number of distinct Sb is q
m−1
qh−1 , and that these meet pairwise
in (0, 0). The next step gives the qm−1 distinct translates. 
Note. 1. The constructed planes will also have words of weight 2qm + 1 − qm−1
qh−1 in their dual
codes since any of the deleted lines, together with points at infinity, will provide such a word in
the same way.
2. From [14, Chapter 16], it follows that these planes are Andre´ planes: in Definition 16.1 of
that chapter, the Andre´ subnet A1, which is our set LS with k = h = 1, is replaced by the set of
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subspacesAρ1 , where ρ is any automorphism fixing F , and the latter sets are identical to our sets
Sb on taking k = 1, ρ = θ . This observation, together with the note above, completes the proof
of the second part of Theorem 1.
3. We have not examined other classes of translation planes, or any non-translation planes, for
words of this type. There may well be other classes for which the construction will apply.
5. Counting arguments
The construction used in Result 4 involved building up the subspace S of dimension m from
a series of nested subspaces Sn of dimension n, for 1 ≤ n ≤ m, that are all (0, 1, q)-sets. The
result was obtained for all translation planes of order qm where m ≤ 3 since counting arguments
could be used to show the existence of subspaces S2 and S3 that satisfy the requirements. An
analogous counting argument for subspaces of size q4 failed, and counter-examples have been
found computationally: see below. However, for n small enough relative to m, the set can always
be extended:
Proposition 3. Let V = V2m(Fq) be a vector space of dimension 2m over the finite field Fq , V
a spread, and A(V) and P(V) the affine and projective planes of order qm , respectively, from V .
Suppose that for some n such that 1 ≤ n ≤ m, Sn is an n-dimensional subspace of V that is a
(0, 1, q)-set in A(V). If 2n ≤ m + 1 then Sn can be extended to an Sn+1.
Proof. Let p be a prime, let t be a positive integer and let q = pt . Let F = Fq , V = V2m(q) and
let V = {V1, V2, . . . , Vqm+1} be a spread of m-dimensional F-spaces in V .
Suppose that we have an n-dimensional F-space Sn meeting the spread spaces in subspaces
of dimension at most 1. Since every non-zero point of Sn is in a unique Vi , there are exactly
rn = (qn − 1)/(q − 1) of the Vi which meet Sn in q points. We may assume that these are the
spaces Vi , i = 1, . . . , rn . For i > rn , Vi ∩ Sn = 0.
dimF (Vi + Sn) = dimF Vi + dimF Sn − dimF Vi ∩ Sn =
{
m + n − 1 if i ≤ rn,
m + n if i > rn .
For i 6= j,
dimF (Vi + Sn) ∩ (V j + Sn) = dimF (Vi + Sn)+ dimF (V j + Sn)− dimF (Vi + V j )
=
2n − 2 if i, j ≤ rn,2n if i, j > rn,2n − 1 otherwise.
In order to show that we can extend Sn to an Sn+1, we must show that there is an element in
the set V \
rn⋃
i=1
(Vi + Sn). If i, j ≤ rn and i 6= j , let Ti, j = (Vi + Sn)∩ (V j + Sn). Then Sn ⊆ Ti, j
and dimF Ti, j = 2n − 2.
A union of sets A1, . . . , Ar , all of the same size, and whose pairwise intersections have the
same size, achieves a maximum size when there is a set B such that Ai ∩ A j = B for all i, j with
i 6= j . This maximum size is |B| + r(|A1| − |B|).
Applying this result to our situation, we find that∣∣∣∣∣V \ rn⋃
i=1
(Vi + Sn)
∣∣∣∣∣ ≥ q2m − q2n−2 − rn(qm+n−1 − q2n−2)
= q2n−1(qm−n+1 − 1)(qm−n(q − 1)− (qn−1 − 1))/(q − 1).
J.D. Key et al. / European Journal of Combinatorics 30 (2009) 220–229 227
This expression is clearly greater than zero if m − n ≥ n − 1. Thus, if 2n ≤ m + 1, an Sn can be
extended to an Sn+1. 
Note. As was pointed out in [9], in the case of q = 2, if at any stage of the construction we find
that an Sn cannot be extended to an Sn+1, then the set Sn and two points on the line at infinity
not in the set Vn will form a complete arc in the projective plane.
A set of size 8 in a non-desarguesian plane of order 16 that could not be completed to one of
size 16 with the required properties was found by computation using GAP [12] and Magma [4,
5]. Similarly, sets of size 16, 32 and 64 were found in desarguesian planes of order 32, 64,
and 128, respectively. These, together with two points on the line at infinity, give complete arcs
in the projective planes. There is a general construction, distinct from the sets that we found by
computation, due to Segre (see Hirschfeld [13, Theorem 9.12]), of complete arcs of size 2m−1+2
in a desarguesian plane of order 2m .
6. Small sets of even type
For projective planes of even order, n, the minimum weight for binary dual codes is at least the
size of the hyperoval, i.e. n + 2, and any vector that has this weight in C⊥ must be the incidence
vector of a hyperoval. For planes that do not have hyperovals, the next smallest weight would
be n + 4, and the set of points would form a (0, 2, 4)-set. Sets of this type in the desarguesian
planes of even order were considered by Korchma´ros and Mazzocca [19]. The 4-secants of such
a set (in the desarguesian case) meet in a point called the nucleus of the set: see also Ga´cs and
Weiner [11]. A general canonical form in the desarguesian case for such a set was deduced in
[19], but examples were only discovered for q ≤ 16. The question of existence of such a set for
q ≥ 16 remains open. This type of set is also examined in [20, Chapter 6] and [3,15].
In [15, Proposition 5] the following result was obtained:
Result 7. Suppose the projective plane Π of even order n has two complete ( 12 n + 2)-arcs A
and A′, with the following properties:
(i) A and A′ share exactly one interior point (i.e. a point on no tangent) and the 14 n+1 secants
on it;
(ii) the 12 n(
1
2 n + 2) tangents to A are also tangents to A′, and conversely;
(iii) the
( 1
2 n+2
2
)
− ( 14 n + 1) = 18 n2 + 12 n secants to A other than the 14 n + 1 secants on the
common interior point are exterior to A′, and similarly interchanging A and A′.
Then A ∪A′ is a (0, 2, 4)-set of size n + 4.
We were able to use this idea to make a feasible computer search for such disjoint arcs in the
desarguesian plane of order 32. We obtained the following:
Proposition 4. If Π is the desarguesian plane of order 32, and C is its binary code, then if u is
a primitive element for F32 with minimum polynomial x5 + x2 + 1, the set of points
{(1, f (c), c) | c ∈ F32} ∪ {(0, 1, 0), (0, 1, u3), (0, 1, u24), (0, 1, u28)}
where f (x) = u29x28 + u5x26 + u18x24 + u2x22 + u2x20 + x18 + u11x16 + u9x14 + u19x12 +
u26x10 + u29x8 + u15x6 + u30x4 + u20x2 + u6x is a (0, 2, 4)-set for Π .
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Proof. The proof is by computation but we can describe the basic method of the search that led
to this discovery. We used GAP and Magma for these computations. Firstly random arcs of size
18 were generated. The 16 tangents to each of the points on such an arc were collected, giving
288 lines. The points not on the arc that were each on exactly 16 of these lines were collected
and if at least 18 such points were found, then 18-element subsets of this set were checked for
being an arc. Two such arcs were found and indeed gave a word in the dual code, of weight 36. In
order to express this set in the canonical form given in [19], the nucleus P was found, and then
the coset G P g of the stabilizer, G P , of P in the automorphism group G that mapped P onto the
nucleus of the canonical form, i.e. (0, 0, 1) in our notation, where we use (1, 0, 0)′ for the line
at infinity (differing from [19] where (0, 0, 1)′ is used). With the added demand that the image
of the arc should have (1, 0, 0)′ as a 4-secant, and contain the points (1, 0, 0), (1, 0, 1), (0, 1, 0),
a suitable element in G P g was found almost immediately. The interpolation function in Magma
then found the polynomial f . 
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